We consider a grand canonical ensemble of the static and extremal black holes, when an equivalence of electric charge and mass of individual black hole is assumed. Assuming a homogeneous distribution of black holes in space, we are finding the effective mass of test particle and the mean time dilation at the admissible points of space, taking into account the gravitational action of surrounding black holes. With the help of these characteristics, we are mainly studying the effect of quantum statistics governing the extremal black holes. We concentrate here on Bose-Einstein, Fermi-Dirac, classical and infinite statistics, when each of them specifies the statistical weight for a configuration of certain fixed number of black holes. Using mean field approximation, the aforementioned characteristics are calculated and visualized, what permits us to draw the conclusions on the visible effect of each statistics.
Introduction
Due to the extremality property consisting in the equivalence of electric charge and mass of a single black hole 1 , it became possible to find a static solution to the Einstein-Maxwell equations for ensemble of many identical black holes [3, 4, 5] and to study unique physical phenomena under various conditions. Quantum mechanical view on a system of such "particles" has led to a natural question about the type of quantum statistics governing the collection of extremal black holes (BHs) [6] . Discussing this, a number of models has appeared [6, 7, 8] , using a wide class of deformed (quantum) algebras which generalize the Heisenberg algebra. An equally important issue remains to reveal the statistics manifestation in meaningful effects. Discarding the (exotic) high-energy processes involving black holes, their ensemble is often associated with a quantum gas [7, 8, 9] . Such a treatment is not always physically correct. This motivated us to try out a heuristic approach in order to analyze the properties of the static black hole system without violating the physical basics of its equilibrium existence.
In this paper we study the macroscopic properties of the ensemble formed of BH static configurations, which are most probable in the specified statistics. This is somewhat similar to a system of spins that can change their direction in lattice sites, but are not moving in space. Here, considering the gravitating objects, we are interested in a mean value of the time scale factor of space-time metric, related to the gravitational potential, in contrast to the magnetic field of the spin system. It is expected that the required dependence of the averaged interaction potential on the mean number of black holes will be regulated by the statistics used.
From the point of view of the general relativity, our goal is to evaluate the average energy-mass of the test particle and the mean time dilation. While the first characteristic may depend on both the gravity and statistics, the second is a property of space-time. Here we examine (quantum) statistics of four types, including the infinite statistics mentioned in Ref [6] . We consider it is important to make a comparison of macroscopic quantities found within the Bose-Einstein, Fermi-Dirac, classical and infinite statistics.
In the next Section, we statistically describe a grand canonical ensemble of extremal black holes and find its characteristics for four types of statistics. We finish the paper with discussion and conclusions.
Statistical Characteristics of Black Holes Ensemble
We start from Majumdar-Papapetrou (MP) solution [3, 4] of the EinsteinMaxwell equations for N static and extremal black holes (BHs) with equal masses m and electric charges Q = m (in units G = c = = 1), centered at points {a i ∈ R 3 } N i=1 :
Expressions (1) determine space-time metric g µν (r) and electrostatic field potential
, where B i = {r ∈ R 3 | |r − a i | ≤ r + } is a ball of radius r + = m, corresponded to the event horizon of extremal black hole. In the case of a single BH centered at a 1 = 0, replacement r → r − m leads to the Reissner-Nordström solution [5] .
Here, we are aiming at heuristic study of the macroscopic properties of BH ensemble by considering different statistics including the infinite one, argued in Ref [6] . In the case of the static and diagonal metric (1), it seems appropriate to find a mean value of √ −g tt , giving us both the gravitational and electrostatic potential A t , generated by the extremal BH system. Moreover, it measures a time dilation as explained below. Using the rest reference frame, let the N randomly distributed (in space) extremal BHs create background field (geometry) at given point r of the static test particle position. Accordingly to (1), the proper time interval is equal there to dτ (r) = U −1 N (r)dt, where t is the time of external observer. Then, a time dilation effect is evaluated by the ratio of proper time and external time intervals ∆τ /∆t, determined by function U −1
N (r) = const generates the equipotential orbits (closed surfaces) forming, in general, the multiply-connected domains. In accordance with relativistic mechanics, the energy-mass of a probe particle in space-time, influenced by the BH ensemble, is
where m 0 is the rest mass, measured at infinitely large distance from the sources of gravitational field. Note that, using the electrostatic potential
N (r), E N (r) may be interpreted as the energy of attraction of the charged probe to the set of N identical, but opposite charges (being in equilibrium due to gravity).
Let a (local) statistical weight of BH configuration be described by the Gibbs measure exp (−βE N (r)), controlled by an effective temperature T = β −1 . Dimensionless parameter x = βm 0 , sometimes used instead of temperature characteristic, is actually of order of magnitude m 0 /m and supposed to be small.
Since the general properties are mostly encoded in the mass, we expect the energy-mass variations due to collective interaction and quantum statistics effects. Thus, we are finding an effective mass m * (r) of a test particle in the grand canonical ensemble of extremal black holes. In other words, we are deriving an interaction potential in terms of macroscopic (thermodynamic) parameters, the attractive property of which should lead to m * /m 0 ≤ 1 at m 0 → 0.
It is worth to note Refs. [8, 9] , where the BH mass change is achieved by modifying the Einstein equations because of using a deformed statistics. Estimation how the black hole could be affected by the other black hole in a binary system is given in Ref [10] . Note also Refs. [11, 12] , demonstrating an equilibrium between a probe particle and a particle source of (static) gravitational and electric field, if these are extremal and have both equal masses and electric charges.
Formulating a problem in (z, T, V ) terms, a grand partition function is
Here z is the fugacity; Q N is the configuration integral; ρ N ({a i }) gives a distribution of BHs in space; d N is a combinatorial or degeneracy factor (d N =0 = 1), determined by statistics. Particularly, d N = 1 is for usual Boselike systems (denoted by "BE"); d N = 1/N ! corresponds to the classical (Cl) systems of identical particles. In the general case of undetermined statistics, we assign the index "{d}" to Z {d} and other functions. Note that in Refs. [13, 14] it was demonstrated how to use different constructions for the partition function in case of some black holes. In the static model, no work is performed, and thermodynamics looks rather restricted. Therefore, we are mainly focusing on finding the effective mass
There is also a possibility of determining a mean of m * (r) in space. However, such a procedure is not used here because of the following assumptions.
Limiting ourselves by considering a homogeneous distribution of BHs, the function ρ N ({a i }) is supposed to be a constant. When
we can concentrate on calculating Z {d} = Z {d} (0) due to the translation invariance inside volume V , containing the BHs, and neglecting the surface effects.
In general case, we require a BH interior inaccessibility for a probe i.e., |r − a i | > r + = m for all a i , and a smallness of Vol(B i ) = 4πm 3 /3 in comparison with the total volume V = 4πR 3 /3, R > m.
Taking these requirements into account, we put ρ N ({a i }) = [(1 − µ 3 )V ] −N where µ = m/R, but the overlapping black holes horizons are not mathematically forbidden here for the sake of calculations simplicity.
The parameter µ (0 ≤ µ ≤ 1) is a measure of gravitational interaction within the spherical domain of radius R ∼ V 1/3 , and it can be regarded as independent dimensionless model parameter (instead of V ).
At the first sight, partition function Z {d} takes into account the arbitrarily large number of finite-size balls
within the finite domain. Actually, the mean number N {d} of BHs within an ensemble is
and is consistent with V by µ −3 > N {d} . Partition Function Calculation. Averaging over black hole configurations, we use an auxiliary formula:
where J 1 (p) is the Bessel function of the first kind.
Due to translational invariance, integral Q N takes the form:
One has
where E n (s) = ∞ 1 e −ts t −n dt is the exponential integral, and s = p 2 /(4x). Behavior of ξ is mostly determined by exp (−sµ) and is corrected by means of expansion:
where the coefficient by s n for any n ≥ 0 vanishes at µ = 1. Accounting only for the first term in the r.h.s., we approximate ξ by the function, reproducing its leading properties:
Substitutingξ instead of ξ into (8), we arrive at
Note that the expression forQ N can be formally obtained in another ways. Indeed, one of these consists in naive replacement of U N (0) withŨ
is a harmonic mean distance, which does not require a further averaging over {a i }.
Another way suggests to use the multipole expansion of U N (R), when R ≫ |a i | for all a i , which is limited by the first term to giveŨ N = 1+mN/R. Thus, these examples justify the form ofQ N in the leading order approximation. However, the corrections toQ N in the next to leading approximation would differ.
The grand partition function is therefore reduced tõ
In particular, one hasZ {d} (µ = 0) = ψ {d} (z)e −x , where
It leads to m * = m 0 as it must be, when R → ∞ (µ → 0). FunctionZ {d} is of independent interest and may be applicable, for instance, to a study of the quantum Bose-like many-particle systems with the µ-deformed spectrum [15, 16] , proportional to [N ] µ = N/(1 + µN ) and accounting effectively for attraction. Expression (15) is also suitable for constructing the models which use the different statistics by choosing d N .
Note that the probability distribution function for a one-dimensional random walk (RW) along axis y ∈ (−∞; +∞) in time t > 0 with a drift velocity v,
can be formally used to re-write (15) as
at y = 2 √ x and v = 2 −µ −1 ln z; the presence of v = 0 is crucial for convergence. Thus,Z {d} determines a mean of √ τ N with discrete evolution parameter τ N = 1 + µN and τ 0 = 1 in RW model. Although this correspondence results from the form of (1), application of RW model to the BH system is justified by a random distribution of BHs: inclusion of each new BH into ensemble corresponds to a time step of RW.
Using (15) , let us introduce a mean field (see Ref. [16] ):
which immediately defines the effective mass m * = m 0 σ {d} due to (5). It is independent on space and can be evaluated numerically. Similarly, we determine the mean number of BHs (see (6) ):
The field σ {d} also characterizes a mean time dilation ∆τ /∆t within the BH ensemble obeying statistics, denoted as "{d}". An influence of the specified statistics on energy-mass and time dilation consists in non-equal accounting for different BH configurations by determining weight coefficients d N . In particular, omitting the fugacity z at the moment, we see that the BE statistics (d N = 1) provides equal weights for all configurations, while the Cl statistics (d N = 1/N !) suppresses the many-BH configurations at the same macro parameters.
To evaluate σ {d} analytically, we replace the quotient 1/(1 +
At this stage,Z {d} does not depend on σ. Also smallness of x is assumed. We fix σ from the condition
where
Accordingly to the rules of a mean field approximation (MFA), we have
where σ is regarded as independent parameter by calculating the thermodynamic relations (derivatives). The constraint σ = Λ {d} (z, µ) should be imposed in the final expressions. Substituting (23) for Z d into (5), we come to
As seen σ MFA {d} (z, µ) = σ {d} (z, 0, µ), what follows from (19). The mean number of BHs is easily found from (6) to give
Note that (24) and (25) represent the extremal BH ensemble characteristics at the vanishing probe mass m 0 → 0 and allow us to determine both a ratio m * /m 0 and a mean time dilation for a specified statistics.
In principal, function σ {d} (N ) characterizes rather approximately an effective energy-mass m * of a probe particle because of neglecting the other kinds of interaction besides of the gravitational one. However, σ {d} (N ) at m 0 → 0 describes, independently of a probe presence, two significant effects: 1) a mean time dilation as a property of space-time itself, and 2) an influence of the statistics that distinguishes statistically significant BH configurations, which further form collectively the properties of space-time. Bose-Einstein Statistics. To test our approach and to analyze its outcomes, let us first consider a simplest case of the Bose-like statistics, when the degeneracy factors are d N = 1. Then, the auxiliary functions defined at 0 ≤ z < 1 read
where Φ(z, s, a) = ∞ N =0 z N (a + N ) −s is the Lerch transcendent. In these terms, one obtains
Behavior of both (19) at d N = 1 and (27) in Fig. 1a justifies applicability of our approach and witnesses on decreasing effective mass due to gravity and intensifying time dilation with growing mean number of BHs.
To interpret the results, it needs the account for the admissibility condition N < µ −3 in order to place the N black holes (without overlap) within the total volume V = 4πR 3 /3 > 4πm 3 N /3.
Classical Statistics. This case of indistinguishable particles uses d N = 1/N ! and leads to the auxiliary functions:
where M (a, b, z) is the Kummer's function; Γ(z) is the gamma-function. Using these at arbitrary z ≥ 0, one has immediately
We see in Fig. 1b ). It is easy to observe also a similarity between functions behavior in the BE and Cl cases.
Infinite Statistics. Application of this type of statistics to the extremal BHs is motivated by the work [6] . The subsequent study of the infinite "Inf" statistics in Ref. [7] leads to a formula for the total number of BHs, which is easily adapted to our model to yield
To compute a mean field σ MFA Inf = Λ Inf (z, µ), we find the weight coefficients d N and the auxiliary functions by using the formulas (30), (25), (22):
Here [N/2] means the integer part of number N/2 and 2 F 1 (a, b; c; z) is the Gauss hypergeometric function. Coefficients d N are defined so that
It is instructive to compare the mean field behavior within the three statistics admitting unlimited number of particles. We observe in Fig. 1c that σ Inf is larger than σ BE and σ Cl in magnitude at the same N , what is explained by effective repulsion produced by contribution of the FermiDirac statistics and described by the term z/(1 + z) in (30). On the other hand, the fact that the value of σ Cl is the smallest one among all, is rather the result of accounting for (indistinguishable) replicas of multi-BH system which act independently on the test particle. Thus, we see that the gravity, growing with increasing BH number, leads to decreasing the energy-mass of a probe particle and to intensifying time dilation. However, the (quantum) statistics significantly affects this tendency that we consider.
A comparison of the behavior of the mean field σ {d} in these statistics can be also continued in Fig. 2 . However, in this case of x = 1, at m 0 = m and T ≃ m, we can see the relative value of the effective mass m * /m of an individual black hole as a result of the gravitational influence only (without electrostatic) of the rest BHs from the ensemble.
Finally we would like to consider the case of the Fermi-Dirac statistics with the limited number of allowed states, which is introduced as follows.
Fermi-Dirac Statistics. Let g be the number of admissible (energy) states of the BH system in volume V . Therefore, the coefficients d N = 0 at N > g. The number of ways of distributing N ≤ g indistinguishable particles among the g energy levels, with a maximum one particle per level, is given by the binomial coefficient,
It leads immediately to the auxiliary functions defined at 0 ≤ z < 1: The last function can be related with the Jacobi polynomials P (α,β) n (x). Using these, one obtains
The limit g = 1 gives us the maximal energy m 0 /(1 + µ) of the test particle in the system (see (14) ), associated with the Fermi level. On the other hand, the whole (homogeneous) BHs system may be treated effectively as a single particle which is characterized by the parameter µ. Thus, this situation also indicates that other interactions (like spin-spin interactions) contribute nothing to energy here. Now, let us compare the effect of four statistics (namely, BE, FD at g = 1, Inf, and Cl), using the expansion of Λ {d} (z, µ) and N MFA {d} (z) over fugacity z ≪ 1, and setting m 0 = 0 (x = 0) in final expressions. That is, we would like to present the theoretical results which are independent of the test particle presence at small BH density, requiring simultaneously µ → 0. Omitting the "MFA" abbreviation, we have
where the corrections ν {d} (z) and λ {d} (z, µ), defining the deviation, are
We see that ν Inf = (ν BE + ν FD )/2 and λ Inf = (λ BE + λ FD )/2, as it was postulated before. 
Discussion
Let us first discuss the extremality condition, serving as starting point for the model that we have described. Imposing the equality of Coulomb and Newton's forces, we find the relationship between mass m and electric charge Z (in units of the electron charge):
where M Pl = c/G is the Planck mass; α = e 2 /(4πε 0 c) is the finestructure constant.
We are not aware of any empirically known elementary particles capable of satisfying this condition. This is one of the arguments to basically distinguish extremal black holes from elementary particles. Considering here semiclassical extremal black holes in the ground state and neglecting their excitations (and description of the internal degrees of freedom) in the low-energy picture, we see they should be classically endowed with mass m ≥ 1.04 · 10 18 GeV/c 2 (to provide |Z| = 1 at least) the magnitude of which may be rather similar to the theories of grand unification. At the same time, it is not clear whether the case of m > M Pl , when the Compton wavelength is less than the gravitational radius r + = Gm/c 2 , implies a quantum mechanical meaning.
Another fundamental difference between known particles and BHs is found by referring to quantum statistics which they obey. While the former belong to either bosons or fermions, the extremal black holes may behave very differently [6] . Although the latter are the subject of a miscellaneous theoretical study, they provide the logical possibility of the existence of entities that are neither fermions nor bosons. This may also follow from the assumption that there are internal degrees of freedom inside the horizon that can evolve (making BHs distinguishable), but the exterior configuration of the BHs remains static.
To study the statistical properties of the charged extremal black holes, we used the static solution of Majumdar-Papapetrou to the EinsteinMaxwell equations [3, 4, 5] . Although it implies dynamical equilibrium (of the Coulomb and Newton's long-range forces) in the system of N BHs under the extremality conditions m 2 i /M 2 Pl = αZ 2 i (i = 1, N ), we identify the BH characteristics, m i = m and Z i = Z, to form an ensemble of identical and frozen "particles" with radius r + . As noted in Refs. [11, 12] , such an identification makes the force balance more stable especially if the presence of a test (and "extremal") particle is assumed in the problem. Indeed, we mainly focus on the time dilation effect experienced by the probe. For this purpose, we formulate the partition function, based on the Gibbs measure, to find the statistical characteristics in usual manner. We formally introduce the "temperature" of a static system for performing calculations, which drops out from the final expressions.
Since the dynamical equilibrium admits only the absence of overlapping horizons, we use here a uniform distribution of BHs. This allows us to immediately obtain the mean value of time dilation in the bulk without additional averaging over the probe position in space. Carrying out the calculations, we neglected the screening of the electric charge, that is justified in dilute and homogeneous system when the Debye radius loses its meaning.
We find a time dilation on the base of the effective energy-mass of the test particle, which is not a universal characteristics here, since it does not take into account other interactions than the gravitational one. While the time dilation is correctly determined in the limit of vanishing probe mass, the effective energy-mass may indicate the gravitational effect of the heavy (extremal) probe on the BH system.
The type of quantum statistics is taken into account here by setting the statistical weight of the configuration with a fixed number of BHs, which can enhance (weaken) the gravity effect, leading to varying time dilation. These statistical weights determine the mean number of black holes and the time dilation in the final formulas, which are obtained in the mean field approximation and do not depend on a probe characteristics, while the parameter µ = r + /R (R is a fixed radius of the system, similar to what occurs in the Thomas-Fermi approximation) serves as a measure of the BH influence and distribution in space. Due to the parameter µ, the probe energy in the system represents an energy band of finite width and can be described by the µ-deformed numbers, which already appeared in Refs [15, 16, 17, 18] . Thus, the existence of a band structure turns out to be important for determining the Fermi level within Fermi-Dirac statistics.
Having considered here four cases of Bose-Einstein, Fermi-Dirac, infinite and classical statistics, we would like to conclude the following. Due to the equal statistical weight of all the BH configurations within BoseEinstein statistics, the time dilation effect (in the bulk) turns out to be more significant than within Fermi-Dirac statistics, dictated by the Pauli principle, and within infinite statistics, whose effect is intermediate between those two. Although we have included classical statistics for comparison, one can doubt its physical applicability because of the assumption of the BHs indistinguishability and the repeated action of the replicas of a single BH ensemble on a probe what led to a stronger time dilation.
